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Abstract-An accurate and stable analytic approach is developed for solving three-dimensional linear inverse 
heat conduction problems involving the determination of the surface temperature from the knowledge of the 
time variation of the temperature at the opposite boundary surface. The least-square technique is utilized to 
compute the unknown parameters associated with solution. The numerical results show that the current 
method of analysis : is insensitive to measurement errors; remains stable with measurements involving large 
number of data points taken with extremely small time steps ; and can accommodate, with high degree of 

accuracy, abrupt changes with time in the unknown surface temperature. 

INTRODUCTION 

THE INVERSE heat conduction problem has numerous 
applications in various branches of science and engin- 
eering. For instance, when it is difficult to locate a ther- 
mocouple at the boundary, or the presence of a 
thermocouple disturbs the boundary conditions, or the 
thermocouple is located at an interior point. Specific 
applications include: the determination of the outer 
surface conditions during the re-entry of a space 
vehicle, and the surface conditions at the exhaust of a 
rocket engine; the motion of a projectile over a gun 
barrel surface ; the sliding of a piston in the combustion 
chamber; melting and ablation ; and freezing or 
quenching of a material process. The inverse problem is 
also of frequent occurrence in geophysics. 

The application ofinverse heat conduction problems 
can be extended to situations involving the determi- 
nation of the heat transfer coefficient, the contact 
conductance, the surface heat flux and the internal 
energy source. 

The difficulties in the analysis of inverse problems 
arise from the fact that the interior conditions are 
damped and have time lag compared with the applied 
surface conditions. This phenomenon is pronounced in 
the three-dimensional inverse problems ; furthermore, 
customary solution of three-dimensional non- 
homogeneous problems of finite regions contain triple 
infinite series expressed in terms of sines or cosines 
which converge slowly. As a result, less information is 
available about the surface conditions. Also, in most 
cases the inverse analysis leads to the solution of a 
Fredholm type ofintegral equation, which is known [l] 
to have no unique and stable solution, unless some 
explicit functional form is specified for the applied 
surface condition. 

An extensive survey of literature reveals that no work 
appears to be available on the solution of three- 
dimensional inverse heat conduction problems. 

In this paper we consider a three-dimensional inverse 
problem and develop a rapidly converging solution 
over the whole time domain by utilizing the splitting-up 
procedure [2] combined with the least-square 
technique. Such a solution remains stable with small 
time steps and insensitive to measurement errors. 
Coupled to these features are the capability of 
accommodating abrupt change with time in the 
unknown surface temperature. 

ANALYSIS 

Consider a rectangular parallelepiped, of constant 
thermal properties, confined to the region, 0 < x < a, 
0 < y < b, 0 < z < c, and initially at a uniform 
temperature T,. Suddenly at time f = 0, an unknown 
temperature variation f(t) is imposed on the boundary 
surface at x = 0, while the boundary at x = a is kept 
insulated. Other boundary surfaces are assumed to be 
maintained at a uniform temperature T,. Figure 1 
depicts the geometry and coordinates. If we measure 
temperature in excess of T,, the mathematical 
formulation of the problem is given by : 

1 afqr, t) 
V%(r, t) = ; -g- in region R, t > 0 (la) 

O(r,t) = F(t) at x = 0, t > 0 (lb) 

ae(r, t) 
-=0 at x=a,t>O ax 
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NOMENCLATURE 

&A,>A, functions defined in equations (6d-e) V second-stage solution, equation (10) 
a, b, c sides of the three-dimensional, 

rectangular parallelepiped region 

T(r) 

least-square error, equation (14) 
actual unknown surface temperature 

F(r) modified unknown surface 
temperature, f(t)- T,, equation (2) 

Go, GI, Gz, P, 

1 

functions defined 
P,, P,, p3, P,, P, in the Appendix 

qk eigenvalues, equation (6h) 

x 
space variable vector 
region 

R, transient function satisfying problem 

(7) 
sj steady-state function satisfying 

problem (5) 
t time variable [h] 
T temperature 

L initial and environment temperature 
u first-stage solution, equation (3) 

X,Y,Z 

Yi 

rectangular coordinates 
experimental data (measured 
temperature). 

Greek symbols 
u thermal diffusivity 

uj, (+j coefficients defined in equation (2) 
&,, y., R, 6 eigenvalues defined by equations 

(8c), (6g, i) and (8d), respectively 

71 time at which abrupt change occurs 

Chl 
0 temperature, T - T, 

(3% surface temperature 

rl time variable, t - 7t [h] 

JI mnk eigenfunction, equation (8b) = n gdd k fd,, equation (6j) 
0 

l9(r, t) = 0 

at y = 0, Y = b, z = 0, z = c, t > 0 (Id-g) 

@(r, t) = 0 for t = 0, in the region R, (lh) 

where F(t) = f(t) - T, is the modified unknown surface 
temperature. 

We wish to calculate the applied surface temperature 
F(t) from the temperature measurements taken at the 
insulated boundary. This location being the farthest 
from the active boundary (x = 0), the results obtained 

Y 

-x 

/ 

i=T., 

2 

FIG. 1. The geometry and coordinates (a = c = 1 ft, b = z ft). 

under such conditions provide the strictest test for the 
accuracy and stability of the present method ofanalysis. 

Suppose that the applied surface temperature F(t) 
involves a sharp bend at an unknown 7r, and 
represented in the form : 

(24 

W4 

where 4js, ujs, and z1 are the unknown quantities which 
are to be determined by the inverse solution. The 
functional form of the applied temperature as specified 
by equations (2) includes as special cases most of the 
variations considered by the previous investigators, 
and provides a very strict test for the validity of the 
present method. 

Basic to our analysis of the inverse problem is the 
development of a rapidly converging direct analytic 
solution over the entire time domain of the problem 
defined by equations (l), subjected to the unknown 
surface temperature F(t) which varies with time as 
specified by equations (2). Such a solution is now 
developed in two stages : (a) for times t < zl, and(b) for 
times t > 7r as described below. 

(a) t < 7t. To distinguish the different stages we set 
0 E U for the first stage, and the system (1) takes the 
form : 

V’U(r, t) = k g in region R, t < 7r (3a) 
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U(r,t) = i qSjtj at x=O,t<z, (W y” 5: , n=l,3,5 )... (6g) 
j=O 

z = 0 
ax 

at x = a, t < z -\ 1 (3c) q+ k=1,3,5 ,... (6h) 

U(r, t) = 0 
y;+q; = & = 12 (6i) 

at y = 0, y = b, z = 0, z = c, t < 21 (3d-g) 

V(r, t) = 0 for t = 0, in the region. (3h) Z=“:&,Zdd. 
(6j) 

This problem is split up into four simpler problems [2] The function R,(r, t) is the solution of the following 
as transient homogeneous problem : 

V(r, t) = i Sj(r). tj+R,(r, t), (4) 
j=O 

V’R,(r, t) = k 2 in region R, t < r1 (W 

where the functions Sj(r)s satisfy the following three 
steady-state problems : 

R,(r, t) = 0 at x = 0, t < r1 UW 

V2Sj(r)=&k_?+j+I inregionR (5a) 
ci 

(7c) 

Sj(r)=fJj at x=0 

as. 
-J=O at x=a 
ax 

(5b) 
R,(r, t) = 0 

at y = 0, y = 6, z = 0, z = c, t < z1 (7d-g) 

(54 R,(r, t) = -So for t = 0, in the region, (7h) 

Sj(r) = 0 at y = 0, y = b, z = 0, z = C, (5&g) where So is defined by equation (6~). 

with j = 2, 1,O and S, = 0. 
The solution to the problem (7) is given by : 

The solution to problems (5) is readily obtained by 
R,(r, t) = - 2 zk e 

n the integral transform technique [3] as : 

& = A,*40 (64 

NW [ 

41 242 
x ~$~--+---*e 

as2 CM 1 si = Ao*l$1+2A,*4, 

So= ~o'40+~,~4,+~2*42, 

where : 

16 m coshI(a-x) _siny,y*sinq,*z 
‘40=&C 

nk cash la Y&k 

A, = &f (a-x)sinh l(a-x) 
nk 

a sinh la - cash A(a - x) - 
cash la 1 

X 
sin y,y - sin qkz 

ly,q, cash la 

x a - sinh la - cash L(a - x) 

cash La 

+ (x2 - 2ax) 

2 
cash l(a - x) 

where 
(6~) 

IJ,,~ = sin &x * sin y,y * sin qkz 

(64 
B p--b 

m -, m=l,2,3 ,... 
a 

ad2*, @a) 

(8b) 

(8~) 

(8d) 

(se) 

y,,, qk are defined in equations (6g, h), respectivelq’. 
Introducingequations(6)and(8)into(4), thesolution 

t&j for the first-stage problem (3) becomes : 

+(& + A)(x-a)*sinhi(a-x,1 

sin yny * sin q,z 

’ 12’y,q, cash la 
(60 

64 h*timnk -- 
u’abc 

2 
nvtlr 

s-.@t 1 4 
@y,q, 21 

(9) 

whereA,,A,,A,,~,,qk,~~,k,8,,~,andC~karedefined 
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previously by equations (6d-h) and (8b-e), respectively. 
The validity of the previous splitting-up procedure 
defined by equations (5) and (7) can readily be verified 
by substituting equation (4) into the heat conduction 
problem (3). 

(b) t > To. For convenience in the analysis we let 9 E 
t--z, and 8 = V; then the problem (1) for the 
second-stage takes the form : 

V’V(r, q) = I E 
u all 

in region R (104 

V(r,rj)=U(O,y,z,r,)+i aj# at x=O,rl>O 
j=O 

UW 

L?V 
-=0 at x=b,q>O 
ax (1oc) 

W, tl) = 0 
at y = 0, y = b, z = 0, z = c, q > 0 (lOd-g) 

V(r, q) = V(r, zl) for q = 0, in the region, UOh) 

here, 

w,Y,z,~l) = 40+%41++#+ (lOi) 

By utilizing the previous splitting-up procedure the 
solution to the second-stage problem (10) becomes : 

32 
f- 

aabc 

+ Aozf _~~&!&ke-~~z~ 
n k 

64 
+-- 

u’abc 

64 
-- 

u’abc 
f &dm.k e-n@, 4 

mnk 66Y”qk 1 2 

A, -~~k~e-u’2~]u0 
n 

m h,,l(/mnk 
A,v+A,+$$- 

mnk 64Ynqk 

x e-a64 1 [ cc1 + A, *q2 +2A1q 

+A2 -&~k~emu62n]u2, (11) 
n k 

where Ao, A,, A,, $Lmnkr P,, vn, qk, 6 and c$k are defined 

previously. 
The solution of the first and second stages, equations 

(9) and (1 l), can be written, respectively, in more 

compact form as : 

U(r, t) = Gob, t) * 4. + G,k 4 * 4 i 

+G2(r,t)*&, t < z1 (12a) 

V(r,rl) = P,(r,t).~,+P,(r,?,z,).~, 

+P2(r,?,7,).~2+P,(r,?,7,).ao 

+P4(r,‘l,71).C(1+P5(r,~,71).a2 

+...,t>r,, (12’4 

where the various functions appearing in these 
equations are defined in the Appendix. 

Having established the rapidly converging solutions 
for the first and second stages, the corresponding 
inverse analysis of the problem defined by equation (1) 
can be related to these solutions as : 

e(r, t) = 
U(r, t), t G 71 (134 

V(r,rlL t > z1 WI 

where the &, as, and z1 are the unknown parameters 
which are to be determined by utilizing experimental 
readings of the temperature taken at the insulated 
boundary (x = a). Knowing these parameters, the 
applied surface temperature F(t) is determined from 
equation (2). 

Method of solution 
To solve the inverse problem, we now make use ofthe 

least-square technique in order to minimize the error 
involved in the computation of these parameters. Let E 
be the error between the exact temperature Qei as 
computed from equation (13) and the experimental 
data yi taken at x = a at times, ti, i = 1 to N. We 
represent the error E as : 

E = ; (&-yyi)2* (14) 
i=l 

Note that the solution (12) for the determination of oei 
involves algebraic equations in which the unknown 
parameter tI, representing the time at which the abrupt 
change of temperature occurs, appears as a multiplier 
to other unknown coefficients. Therefore, when Qei is 
introduced into equation (14), the resulting system 
becomes a nonlinear least-square equation. Such a 
nonlinear system is solved in the following manner : 

1. The nonlinear least-square equation (14) is 
separated into two simpler linear problems by 
choosing an initial small value for zl, say z(ll) as : 

MC’, 
1 (Ui_Yi)2, t 6 T\” (154 

E= i;l 

,& (v,-Y,)z, t > 4” (15’4 

where, 

(a) U and V are defined by equation (12), 

(1) 
(b) M(l) = & and At(time step) = 0.01, 
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(4 

(4 

1= M(r)+ 1, and N is the total number of 
readings, 
yi and y, are the experimental data taken before 
and after r(,l), respectively. 

When the least-square error E in equations (15a,b) is 
minimized with respect to the unknown coefficients, 
one obtains a 3 x 3 symmetrical matrix for each of 
these equations. When these equations are solved 
for any given value of r1 the corresponding 
coefficients I$~S and CY~S are determined. The 
calculations are started with a sufficient small value 
of 71 and carried out with small increments. 
For each zl, the least-square error E is determined 
from equation (15) by utilizing the coefficients 
computed in step 2. 
The calculations are terminated when the value ofr, 
equals the final time of the temperature 
measurements. 
The value of z1 corresponding to the smallest value 
of the last-square error E, represents the desired 71. 

Oncethevalueofz, isestablished,thecoefficientstijs 
and aj s determined in step 2 for this particular value of 
tl. These coefficients represent the desired coefficients 
for the problem. Knowing the value of 71 at which the 
abrupt change occurs in the surface temperature, and 
the coefficients C#J~S and cljs associated with it, the 
temperature of the front surface is determined from 
equation(2a)for times t ,< z1 andfromequation(2b)for 
times t > z1 up to the time of the termination of the 
measurements. 

RESULTS AND DISCUSSION 

We now present the results of our analysis in 
predicting the applied surface temperature for 
situations which, we believe, provide a very strict test 
condition. Basic steps in the analysis consist of the 
following : 

First we generate the temperature readings from the 
solution of the appropriate direct problem having an 
insulated surface at x = a and a specified variation of 
the surface temperature at x = 0, as defined by 
equations (1). In these calculations we have chosen a 
thermal diffusivity a = 0.323 x 1O-4 m2 s-l (1.25 ft2 
h-l), a = c = 0.3048 m (1 ft) and b = 0.9575 m (n ft). 
The direct temperature readings are taken at small time 
steps (At = 0.01 h) because small time steps allow more 
accurate information to be extracted for the variation of 
the surface conditions. In the present method of 
analysis, no instability or oscillations were observed 
with the use of small time steps. 

We simulated an experimental input data by 
introducing to the exact measurements, a _+ 5% normal 
independent distributed random error with zero mean 
and a 99% confidence. Using these results as an 
experimental input data, we then applied the inverse 
method of analysis described previously in order to 
determine the applied surface temperature variation. 

Figures 2-6 show our predictions of various types of 

0.03 

0.00 

0.0 0.3 0.6 
0.45 t,hr 

0.0 0.3 
t, hr 

0.6 

FIG. 2. (a) Measured temperature at the insulated boundary, 
x = a ( k 5% random error) ; (b) applied and computed surface 

temperature. 
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FIG. 3. (a) Measured temperature at the insulated boundary, 
x = a ( + 5% random error) ; (b) applied and computed surface 

temperature. 



2126 N. M. AL-NAJEM and M. N. &tsuc 

1 
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0 

0.6 
t, hr 

1.2 
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0 COMPUTED 

0.0 0.6 

t, hr 

1.2 

FIG. 4. (a) Measured temperature at the insulated boundary, 
x = a( + 5% random error);(b) applied and computed surface 

temperature. 

applied surface temperature variations with time. In all 
these figures, part (a) shows the simulated temperature 
recordings at the insulated surface x = a, while in part 
(b) we present the exact values of the applied surface 
temperature with the solid lines and the computed 
values with circles. 

Figures 2 and 3 display, respectively, a parabolic 
variation and a step change of the applied surface 
temperature. Clearly, the temperatures predicted by 
the inverse analysis are in good agreement with the 
applied surface temperatures for both of these two 
cases. 

Figure 4 shows an applied surface temperature in the 
form of a chopped-off triangular pulse. Again the 
prediction with the inverse analysis is good. 

Figures 5 and 6 show applied surface temperatures in 
the form of a rectangular pulse having a short and a long 
pulse width, respectively. The pulse with a short width 

l.O- 

8, 

0.0 - 
-O.l- c 

0.0 

0.3 0.6 
t, hr 

(b) 

-APPLIED 
0 COMPUTED 

t,hr 
0.6 

FIG. 5. (a) Measured temperature at the insulated boundary, 
x = a ( k 5% random error) ; (b) applied and computed surface. 

temperature. 

poses a difficult case, because the pulse width is small 
the effects of the time lag on the accuracy of inverse 
analysis is more pronounced. For such cases, one way 
to improve the result is to place the thermocouple closer 
to the surface where the unknown temperature is 
applied. For the pulse with a wider width as shown in 
Fig. 6, the prediction with the inverse analysis is good. 

Finally, the present analysis clearly demonstrates 
that the applied surface conditions involving abrupt 
changes with time can be effectively accommodated 
with polynomial representations in time over the entire 
time domain, and the resulting inverse analysis predicts 
the surface conditions very accurately. All the previous 
attempts experienced difficulties in developing analytic 
solutions applicable over the entire time domain when 
a polynomial representation was used. 

CONCLUSIONS 

An accurate and stable method of analysis is 
developed for solving three-dimensional linear inverse 
heat conduction problems. The present method of 
solution, which involves a combination of the splitting- 
up procedure and the least-square technique, has the 
following features : 

1. The solution remains stable for small time steps and 
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2. 

3. 
4. 

5. 

6. 

utilizes all the experimental data taken over the 
whole time domain. 
The convergence is very fast, because the resulting 
expressions are in the form of hyperbolic functions. 
The solution is insensitive to measurement errors. 
Sharp bends in the surface temperature can be 
accommodated accurately. 
The computed results are exact with exact input 
data, for all cases. 
The analysis is simple, the inverse solution is easy to 
program, and computations are efficient. 

0.6 
t, hr 

-APPLIED 
0 COMPUTED 

-O.l- 
I ’ 

0.0 016 1.2 

t,tIr 

FIG. 6. (a) Measured temperature at the insulated boundary, 
x = a ( f 5% random error) ; (b) applied and computed surface 

temperature. 
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APPENDIX 

Definition of the functions appearing in equation (12): 

64 
GJr,t) = A,*tZ+A,*t+A3 -__ 

a’abc 

Pdr, t) = G,(r, t) (A4) 

64 
+- 

u’abc 

f &&m.t. e-&q 
rn”k @%?k 

64 
-- 

c 
n fie_& 

a2abc mnk a?,% 
(A6) 

P,(r,q.r,) = A,*$+~AI*v+Az 

64 -- 5 BmJImnk e-.6zs 

a’abc mnk b%q, ’ 
(A9) 

where A,,, A,, A,, /?,. yn, qk, 6, knk, C,%, 9 are defined in the 
text. 

SUR LA RESOLUTION DU PROBLEME INVERSE DE CONDUCTION THERMIQUE 
TRIDIMENSIONNELLE DANS UN MILIEU FIN1 

R&me-Une approche analytique prtcise et stable est d&veloppbe pour rbsoudre les problkmes lintaires 
inverses de conduction thermique tridimensionnelle permettant de dtterminer la tem@rature de surface & 
partir de la connaissance de la variation dans le temps de la tempkrature sur la surface opposie. La technique 
des moindres car& est utilisie pour calculer les paramZtres inconnus associts B cette solution. Les rbultats 
numtriques montrent que la mkthode courante d’analyse est insensible aux erreurs de mesure, demeure stable 
avecdes mesures pour un grand nombre de points pris avec un tr& petit pas de temps, et peut accepter, avec un 

grand degr& de pr&ision, des changements abrupts, dans le temps, de temptrature inconnue de surface. 
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LOSUNG DER DREIDIMENSIONALEN INVERSEN WARMELEITUNG IN EINEM 
ENDLICHEN MEDIUM 

Zusammenfasanng-Es wurde ein genaues und stabiles analytisches Verfahren entwickelt, urn das 
dreidimensionale lineare inverse Warmeleitproblem, einschlieBlich der Bestimmung der 
Oberfllchentemperatur bei Kenntnis des zeitlichen Verlaufs der Temperatur der gegentiberliegenden 
Begrenzungsflache, zu l&en. Die unbekannten Parameter wurden mit Hilfe der Methode der kleinsten 
Fehlerquadratsumme berechnet. Die numerischen Ergebnisse zeigen, da13 die angewandte Rechenmethode 
unempfindlich hinsichtlich MeBfehlern ist, stabil bleibt bci Messungen, bei denen eine groBe Zahl von 
MeBdaten mit extrem kleinen Zeitschrittweiten anfallt, mit hoher Genauigkeit pliitzliche zeitliche 

Anderungen der unbekannten Oberfllchentemperatur anpassen kann. 

0 PEIIIEHMM TPEXMEPHOH OBPATHOH 3AfiAYH TEIIJIOIIPOBO~HOCTW B 
OFPAHIGIEHHbIX CPEAAX 

.kHOTa~WR-TOYHb1i-S II YCTOikiBbIih ZiHZlJlkiTEi’lCCKlii IlOllXOn pa3BHT LUllI pCIIICHkiR TpCXMCpHbIX JIaHeii- 

HbIX 06paTHbtX 3aAWl TCIIJIOIIpOBOLWIOCTH, COCTOIlIWiX B OtIpWWICHllH TCMlICpaTypbI ,-IOBepXHOCTE, H3 

BpCMCHHOii 3BBRCBMOCTA TeMtICpaTypbI Ha IIpOTHBOnOnOxHOti rpaHHue. &IX paCW?Ta HCU3BCCTHbIX 

IIapaMCT,,OB npE3MCHXTCn MeTOn HaHMCHbUItiX KBanptiTOB. %WICHHbIC pC3yJIbTaTbI IIOKa3bIBZ,I‘,T, YTO 

IIpCNlaraCMbIi? MeTOLl HC’4yBCTBtiTCJICH K ome6xaM H3MCpCHBii, OCTaCTCIl yCTOihHBbIM ~~JIR li3MepeHsfi, 

BKJIlO’iBIOIIUiX 6onbmoe WiCJlO TCYBK, BJIlTbIX IIpA OWHb MWIbIX BptZMCHHbIX IIIaraX, MOECT COOTBCT- 

CTBOBaTb C BbICOKOfi CTCtICHbM T04HOCTU pC3KUM II3MCHCHURM II0 BPCMCHH HCKOMOii TCMnCpaTypbI 

IIOBCpXHOCTkS. 


